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BUCKLING OF UNSTIFFENED AND RING STIFFENED
CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION

P. TERNDRUP PEDERSENt

Technical University of Denmark, Copenhagen, Denmark

Abstract-Bifurcation stresses and initial postbuckling behavior of both unstiffened and outside ring stiffened
circular cylindrical shells under axial compression are analyzed. The shells are assumed to have axisymmetric
sinusoidal imperfections with arbitrary wavelengths and amplitudes. It is found that for large imperfection
amplitudes and wavelengths both the unstiffened and the stiffened shells have extremely small bifurcation loads.
The postbuckling analysis shows that for small imperfection amplitudes the bifurcations from the axisymmetric
state are initially unstable and collapse is associated with the bifurcation points. However, for larger values of
the imperfection amplitudes the bifurcations are stable. For unstiffened shells the transition from unstable to
stable bifurcations can take place at very small values of the load. On the other hand, for stiffened shells it is
found that bifurcations at load levels less than about 40 per cent of the classical buckling load have stable initial
postbuckling behavior.
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cross sectional area of a ring
classical buckling expression (equation (3.2))
postbuckling coefficient (equation (4.14))
[3(1- v2)J*
spacing of the rings
Et3/12(1- v2

)

effective bending stiffness (equation (2.7»
eccentricity of the rings
Young's modulus
stress function
2cF/Et3

effective stretching stiffness (equation (2.7))
integral (equation (4.17))
longitudinal wavenumber
[12(1 - v2 )J*[R/t]t
see equation (2.7)
cylinder radius
see equation (4.11)

t (il-'.)postbuckling and prebuckling axial stiffnesses defined by - - where ~ is the average
cR il~ '~'c

shortening per unit length
circumferential wavenumber
shell thickness
axial, circumferential, and radial displacements
initial radial displacement (imperfection)
Wit
longitudinal and circumferential coordinates
Xqo/R and Yqo/R
postbuckling parameter (equation (4.18))
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area parameter for rings (equation (2.2»
wavenumber for imperfection
stiffness parameter for rings (equation (2.2»
2cf>/t
eccentricity parameter for rings (equation (2.2»
imperfection amplitude
average axial compression/(EtleR)
value of;' at bifurcation buckling
value of;' at classical buckling
Poisson ratio
amplitude of buckling displacement
2k/s2

C)=~, ()'=~ay ax
l/J see equation (2.6)
L n , L Q , L H see equation (2.7)
L p , Dpq , Qpq, H pq see equation (4.10)

1. INTRODUCTION

THE theoretical significance of allowable buckling stresses used in the design of axially
compressed cylindrical shells has been the subject of extensive research. It is now a well
established fact that small deviations in the shape of the shell yield drastic reductions in
the buckling loads. Koiter [I] has derived a simple formula for the upper bound of the
load for which non-axisymmetric bifurcation from the axisymmetric prebuckled state
occurs for unstiffened circular cylindrical shells under axial compression. An imperfection
in the shape of the classical axisymmetric buckling mode with an amplitude of one shell
wall thickness was found to reduce the bifurcation load to about 20 per cent of the classical
value. Hutchinson and Amazigo [2] have shown that a similar imperfection in lightly
outside ring stiffened shells reduces the bifurcation load to about 45 per cent of the classical
buckling load. When amplitudes and wavelengths of the imperfections get larger the
bifurcation loads for unstiffened shells, as well as for ring stiffened shells, tend to very
small values.

Test results for unstiffened shells under compression [4] give buckling loads for normal
shell geometries which are about 30 per cent of the classical value and as low as even
12 per cent for very thin shells. For comparison, the buckling loads for outside ring stiffened
cylindrical shells under axial compression have been observed in laboratory tests ([5]-[7])
to vary from 67 to 97 per cent of those given by the classical buckling load.

Recently Budiansky and Hutchinson [3] investigated the stability of bifurcations of
axially compressed unstiffened cylindrical shells with axisymmetric initial imperfections in
the shape of the classical buckling modes. This investigation shows that when the im
perfection amplitude is small, bifurcations from the axisymmetric state are initially un
stable and collapse will occur at the bifurcation loads. However, for larger imperfection
amplitudes, the bifurcations are stable and thus loads above the bifurcation loads can be
sustained. The results indicate that this transition from unstable to stable bifurcation takes
place at loads about one third of the classical buckling load.

The work presented here is a similar investigation of bifurcation stresses and post
buckling behavior of axially compressed outside ring stiffened and unstiffened cylindrical
shells. The shells are assumed to have axisymmetric sinusoidal imperfections with arbitrary
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wavelengths and amplitudes. For the unstiffened shell it is shown that for increasing wave
lengths of the imperfection, the transition from unstable to stable postbuckling behavior
takes place at decreasing bifurcation loads. Thus, the theoretical significance of buckling
loads about one third of the classical buckling load indicated in [3] is not observed in the
present analysis since smaller transition loads are obtained for longer wavelengths of the
initial imperfection.

Compared to the unstiffened shells, the stiffened shells are found to have a much more
stable postbuckling behavior. Bifurcations which take place at loads less than about
40 per cent of the classical buckling load are found to be stable for aU wavelengths of the
initial imperfections, except. for extremely large imperfection amplitudes. Furthermore,
the range of imperfection wavelengths for which the shells are imperfection sensitive is
found to be more restricted for the stiffened shell than for the unstiffened shell. Thus the
present analysis may explain the relatively high bifurcation loads obtained in tests of
outside ring stiffened shells in contrast to those observed for unstiffened shells.

2. BASIC EQUATIONS

Figure 1 shows an infinitely long shell with thickness t stiffened by closely spaced rings.
The middle surface of the shell is assumed to have an initial displacement W in the radial
direction from a perfect cylindrical surface of radius R. Points on the cylindrical surface
are specified by the axial coordinate X and the circumferential coordinate Y. The initial
imperfection of the shell is assumed to be axisymmetric and given by

W -(j cos(PxX/R).

The ring stiffeners are characterized by the dimensionless parameters

(2.1)

r:I., = A/dt, p, = EI,IDd and y, = elt (2.2)

where A is the cross-sectional area of a ring
d is the spacing
I, is the moment of inertia about the neutral axis of the ring
e is the eccentricity of the rings

The torsional stiffness and the bending stiffness of the rings tangential to the shell are not
taken into account.

FIG. I. Part of ring stiffened cylindrical shell.
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A set of nonlinear equations for eccentrically stiffened cylindrical shells has been
presented by Geier [8J and by Hutchinson and Amazigo [2]. Therefore, in this section we
shall just recall the assumptions and present the resulting equations in a non-dimensional
form.

According to the Karman-Donnell theory, the middle surface strains in the shell are
taken to be

I(au av) I aw aw
GXY = 2: ay +ax +2: ax aY' (2.3)

where U, Vand Ware the two tangential and the normal displacements, respectively. The
bending strains are given by

The bending strain in a ring stiffener is taken to be the same as in the shell, - aZWjaYZ,
and the axial strain of the neutral axis is taken to be

The usual stress-strain relations are assumed for the shell

Et
N x = --z(Gx+vG)I-v

M xy = D(I-v)KXY

Et
N xy = --GxyI+v

Et
Ny = --z(Gy+vGx)

I-v

where D is the plate bending stiffness. For the ring stiffeners we will assume

Using the principle of virtual work under the assumption that the ring stiffeners are
closely spaced, three equilibrium equations are obtained. Expressing the total stress
resultants by means of an Airy stress function

and N XY =

the three equilibrium equations are reduced to a single equilibrium equation and a com
patibility equation. In non-dimensional form the equilibrium equation takes the form

and the compatibility equation takes the form

LH[fJ -LQ[wJ = -cl/J(w, w+2w),

(2.4)

(2.5)
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where, with qo [12(1 v2)]t[Rlt]t, the independent variables are

x = XqolR and y = YqolR

and with c = [3(1 v2)]t, the dependent variables are

f = [2cIEt3 ]F and w = Wit.

The non-dimensional imperfection is given by w= -bit cos fJx, where fJ = Pxlqo. When
fJ = 1, the wavelength of the imperfection corresponds to the wavelength of the classical
axisymmetric buckling mode for an unstiffened shell. Values of fJ less than or greater than
one correspond to longer or shorter wavelengths, respectively. The operator I/! is given by

I/!(gl,g2) = g'{g2+g1g;-2g~g~ (2.6)

where ( )' == (818x)( ) and (') == (818y)( ). The three linear operators are defined by

LD[] = []""+2[..]"+Dyy[....]

L Q [ ] = 2QxlT +Qyy[....]+[ ]" (2.7)

LH [ ] = HxxE ]""+2HxlT+Hyy[....]

D = 1+ fJ +12(1- V
2
)iX,y;

yy , 1+iX,

Q = _ CiX,y,
xy l+iX,'

2CViX,y,
Qyy=~,

H = 1+iX,(l +v)
xy 1+iX, ,

(2.8)

The solutions to be obtained must fulfill the requirement that the tangential displace
ments are single-valued over any complete circuit of the shell. For the circumferential
displacement this condition is enforced if

f
21tR 8V

-dY= O.
o 8Y

Expressed by the non-dimensional stress function f and the normal displacement w this
condition takes the form

f
21tQO

o {Hxx(f" -vj)-2Qxyw- W-C(W)2} dy = O.

3. AXISYMMETRIC SOLUTION

The nonlinear equations (2.4) and (2.5) admit the following axisymmetric solution for
the unbuckled cylinder

vHx'; b lfJ2H xx
Wo = ---2- cosfJx

c t B

A-y 2 b A-
fo = --+2- -cosfJx

2c t B

(3.1)
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which satisfies the condition (2.8). Here

B = f3 4 Hxx + 1-2Af3zHxx (3.2)

and A is the average axial compressive stress normalized by the classical buckling stress
for the unstiffened cylinder (EtleR). It can be shown that the classical buckling load Ad for
outside ring stiffened cylindrical shells, where the eccentricity of the rings is sufficient to
ensure that the corresponding buckling mode is axisymmetric, is given by

(3.3)

The corresponding wavelength of the axisymmetric buckling mode is determined by the
wave parameter

(3.4)

The expressions (3.3) and (3.4) are also valid for unstiffened shells, where Hxx = I.

4. BIFURCATION AND POSTBUCKLING BEHAVIOR

The possibilities for bifurcation buckling at load levels less than the classical buckling
loads will now be investigated. The method which will be used to analyze the bifurcation
stresses and load carrying capacities at the bifurcation points is similar to the method used
by Budiansky and Hutchinson [3J for a long unstiffened cylindrical shell containing an
axisymmetric imperfection in the shape of the classical buckling mode. This method allows
the bifurcation load to be investigated for a complete family of modes and gives an exact
formulation of the postbuckling behavior.

Following this procedure it will be assumed that the postbuckling behavior at a load
level A in the vicinity of the bifurcation point Ae can be written in the form

(4.1)

(4.2)

(4.4a)

where (WI' fd is the normalized buckling mode, (wz , fz) is a set of functions orthogonal to
(WI' fd so that t WZW I dx dy = 0, ~ is a scalar parameter giving the buckling mode
amplitude, and b is a postbuckling coefficient which for the case of a nonlinear prebuckling
state has been derived by Fitch [9]. In the present problem it is determined by

_b_ = ~ <fz(w~)z+ !;(wdZ
-2j;wlw~ +2flw~w; +2f~wlwz .-2j~(wlw; +w~wz) (4.3)

1- V
Z cAe «W~)Z + yf3Z[(f34 Hxx + 1)IB2J[(W I)2 cos f3x-2f3Hxx(jlw~ - j~ WI) sin f3xJ)

where <) denotes averaging over the shell. Substituting equation (4.1) into equations (2.4)
and (2.5) gives

" z cos f3x '.' 4 fLD[WtJ+LQ[fIJ+2AeWI +f3 y~B~[2AeWI-(f3 H xx +l) IJ = °
(4.4b)



(4.7)

(4.9)
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for determination of the buckling stress Ae and the buckling mode (WI' fd, and the fol
lowing equations for the second order contributions (W2' f2)

LD[wZ] +LQ[f2] +2Aew2+p2yco~px [2Aew2-(P4Hxx + 1)J2] = 2cljJ(j;, WI) (4.5a)

Z 4 cos px ..
LH [f2] LQ[W2]+P y(P Hxx+1)~B-wz = -cljJ(WUw l ) (4.5b)

here y = 2cD/t.
Now let us seek the general solutions to the eigenvalue problem (4.4) in the Floquet

form

(4.6)

Here (WI I ,j~ I) are complex periodic functions in x with period 2rr./P, and k and s are axial
and circumferential wave parameters. To satisfy periodicity the circumferential wave
parameters must fulfill the condition that qos/2 is an integer; s = 0 corresponds to an
axisymmetric solution.

The boundary value problems (4.5) have solutions of the form

W 2 = 2cs2 Re{woo(x) +w20(x) eikx + [W02(X)+Wn(x)eikX]cos sy}

fz = 2csz Re{Joo(x)+ f20(X) eikx + [foz(x)+f2Z(X) eikX]cos sy}.

Using the conditions for single valued circumferential displacement (2.8) and the equations
(4.4) to (4.5) it is found that the functions (wpq' f pq) are determined by the coupled complex
differential equations

D [] [j,] Z 1. j, 2 zpz cos px. p4 . Ipq Wpq +Qpq pq +Lp[2AeWpq + pq]-q ys ~[2AeWpq-( Hxx+l).fpq] -u;Rpq

(4.8)

[j, ] [ ] 2[ 2 2 2 4 "COSPXH pq pq -Qpq Wpq -Lp Wpq]-q ys P (P Hxx+l"4SWpq 31ZSpq

for (p, q) = (1, 1), (0, 2) and (2,2), and by the uncoupled differential equations

HxxL~[wpo]+ 2A.eHxxL~[wpo] +wpo = --hRpo

HxxL~[fpo] = wpo+lzSpo

for p = 0, 2. Here

(4.10)
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R II = 0

Roo = HxX(WIJII)"+tWIIW II

R zo = HxxL~[wllj;IJ+twL

Roz = L~[wIIJIIJ -4J'II L z[WIIJ

R 22 = WIlf'{1 +W'{JII-2w'IJ~1

Soo = WIIWII

SZo = wL
Soz = L~[wllwIIJ-4w'IILz[wIIJ

S22 = 2[wllw'{ I -(w'lIf].

(4.11 )

From the equations (4.8) and (4.9) it is seen that all the complex functions (w pq' j~q) are
periodic with period 2n/[3. The boundary conditions are found from the fact that all
essential different solutions can be obtained by assuming Hermitian symmetry about
x = 0 and x = n/[3. Thus

Wpq(-x) =~

W pq(n/[3 +x) = W pq(n/fJ - x)

j~q( - x) = fpix)

j~q(n/[3+x) = fpin/fJ-x).
(4.12)

It can be shown that a complete family of bifurcation modes can be obtained even if
we restrict the free parameter k to the interval 0 ~ k ~ [3. The bifurcation modes (WI' II)
and the functions (wz ,fz) as given by equations (4.6) and (4.7) will in general not be periodic
in the axial direction. However, when k takes on a value given by k = [3l/m where 1and mare
integers, the functions will be periodic with period 4nm/[3. The case k = [3 corresponds to
the shortest possible wavelength in the axial direction. For unstiffened cylindrical shells
approximations to the bifurcation loads for k = [3 when [3 = 1 have been given by Koiter
[1]. Tennyson and Muggeridge [lOJ have extended Koiter's results and calculated ap
proximate bifurcation loads for unstiffened cylinders for other values of the imperfection
wave parameter [3. Decreasing values of k = [31/m correspond to increasing axial wave
length of the bifurcation mode. Numerical results corresponding to the range 0 < k < [3
have been given for unstiffened cylinders with {J = 1 by Budiansky and Hutchinson [3].
The limit k = 0 which corresponds to an infinitely long axial wavelength, has no real
physical significance. As will be seen later, this limiting case, for which an exact solution
can be found, serves to give lower bounds for the bifurcation loads for a wide range of
imperfection amplitudes and wavelengths for stiffened as well as for unstiffened shells.

Now, if we abbreviate equations (4.6) and (4.7) by

(4.13)
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Let So and S denote respectively the nondimensional stiffness in the axisymmetric
prebuckled state and the initial overall stiffness in the bifurcation state. Then, from (2.3),
(4.1) and (4.2) it can be shown that

where

[1 313 (I - V
1

) ] - IS- -+----1
- So 4nml.c b '

S
"mIP

1=2 0 (wD1 dx

S
"mIP 4 1«/34H + I) s"mlP

I - 2 (At)l d + Yp xx At • I< d- WI X W 1a sm pX x
o cB 0

for k #- /3

for k = /3.

(4.15)

(4.16)

(4.17)

The postbuckling behavior can be measured by the change in overall stiffness following
bifurcation. For the results to be presented in Section 8, this change is measured by the
nondimensional parameter IX defined by

IX = 2 Arctan(~s).
11: So-

5. NUMERICAL METHOD

(4.18)

For the numerical solution of the eigenvalue problem given by (4.8) for (P, q) = (I, I)
and of the boundary value problems given by equation (4.8) for (p, q) = (0,2), (2, 2) and by
equation (4.9) for (p, q) = (0,0) and (2,0), the differential equations are approximated by
finite difference expressions in the interval °~ x ~ niP. Introducing N points in the
interval for x, spaced at a constant distance h, the finite difference approximation for the
differential equations (4.8) at an interior point xj is taken to be

(5.1)
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Here

If the point corresponding to x = 0 is denoted by the index 1 and the point corre
sponding to x = nlf3 by the index N, then the boundary conditions take the form

(Wpq)_1 = (wpqh, (wpq)o = (wpqh

(Wpq)N-l = (Wpq)N+Z' (Wpq!N-1 = (Wpq)N+ I'

Similar expressions can be used for f~q'

Due to the form of the boundary conditions, it is advantageous to separate the
equations into real and imaginary parts. Thus, the unknowns of the problem are the
values of Re(wpq), Im(w pq), Re(fpq), and Im(fpq) at N points.

Bifurcation stresses

For given values of k and of the imperfection parameters y and f3, the bifurcation stress
Ac is determined by a trial and error method as the smallest value which makes the deter
minant of the coefficients of the homogeneous difference equations corresponding to
p = q = 1 equal to zero. The circumferential wavenumber s is treated as a free parameter
and is chosen so that the eigenvalue Ac attains a minimum. The determinant is evaluated
by means of Gaussian reduction.

For values of k in the range 0 < k < f3, the coefficient matrix is a band matrix with a
bandwidth 19 and the problem involves 4N unknowns. However, in the case k = f3 the
numerical work can be reduced considerably by taking the real functions

((x) = Re(w II eil3xlZ) and <!J(x) = Re(fll eil3xlZ)
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as the unknowns. The corresponding boundary conditions are obtained from

«- x) = «x),

(6.1)

and analogous for cf>(x). The coefficient matrix of the difference equations for this problem
has a bandwidth 9 and the problem involves only 2N unknowns.

When an eigenvalue Ac is determined with a prescribed accuracy the corresponding
eigenfunctions (WI I , fll) are determined by back substitution and normalized.

When the imperfection amplitude y tends to infinity the circumferential wave parameter
s is found to approach zero. Therefore, limiting results for the bifurcation stress and the
postbuckling behavior for y --+ 00 are found by letting s = 0 in the difference equations
when s is not multiplied by y and then introducing a new parameter p for ys2. Instead of
minimizing the bifurcation load Ac with respect to s, Ac is in this case minimized with respect
to the parameter p.

Postbuckling behavior

When the bifurcation stress Ac and the corresponding eigenfunctions (WI' f1) are deter
mined, the right hand sides of the differential equations (5.1) and (5.2) for (p, q) = (0,2)
and (2,2) can be determined by numerical differentiation. The resulting sets of non
homogeneous linear equations are solved by means of Gaussian elimination. The functions
(woo, fool and (w20, f20) are determined in the same way by a simpler set of difference
equations corresponding to the differential equations (4.9).

The postbuckling coefficient b and the integral] are evaluated by numerical integration
using Simpson's method.

6. ASYMPTOTIC ANALYSIS FOR k --+ 0

In [3] it was shown that for an unstiffened shell with imperfections in the shape of the
classical buckling mode, a quadratic relation exists between the circumferential wave
parameter sand k, when k tends to zero. It is reasonable to assume that a similar relation
exists for stiffened shells and for other wavelengths of the imperfection. Thus, in the
equations (4.8) and (4.9) we will in the limit substitute k by rs2 j2, where r is a free parameter
the value of which will be determined so that the bifurcation load attains a minimum. Then
the solutions to the equations (4.8) and (4.9) in the vicinity of the bifurcation point can be
written as the expansion

{~pq} {~pq} {~pq}= 0 +S2 1 +S4 2 + ....fpq fpq fpq
Ac = AO+S2AI+ ....

The eigenfunctions (~11' J11) are assumed normalized in some way and the expansions
I I 0 0

(w 11 , f11) (1 > 0) are determined so that they are orthogonal to (w11 , f1 d:

f
21tIP

I 0
o WlIW ll dx O. (6.2)
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(6.3)

Solutions for the cases (p, q) = (1,1), (0,2) and (2,2) are obtained by substituting
the expansion (6.1) into (4.8). The expansions of the right hand sides are denoted by
° I ° I ° °R pq , R pq ,'" and Spq, Spq, .... Then the equations for (w pq , I pq ) take the form

°""+21 0" +1°" I ROwpq ItOWpq pq = -16 pq

0,,,, 0" 10
Hxxl pq-Wpq = 32 Spq'

°These equations have solutions of the form (~pq, I pq) = (ap, cp) where up, cp are constants.

If we use this solution, the equations for (J-pq .fpq) and (J;pq' Jpq) take the form

I "" 2 1 I" II" 2 f32 cos f3x [2 1 (f34H 1) ] I IWPq + ItOWpq + pq = q y ~ Itoap- xx+ cp -16R pq

(6.4)

and

(6.5)

(6.6)

The equations (6.4) have solutions of the form

{ J- pq
} {bp} {gp}I = cos f3x +

I pq dp hp

where bp, dp' gp and hpare constants.t Ifwe substitute equation (6.6) in equations (6.4) and
(6.5) and invoke periodicity in equation (6.5) we obtain the following set of equations to be
solved for (ap , cp , bp , dp ) for (p, q) = (1, 1), (0, 2) and (2, 2)

ap 4f32b ldl

cp q-1 2f32bi
+(2-p)r2 ai

(6.7)M pq =-8
bp 16 clb l +aldl 0

dp alb l 0

t The orthogonality condition (6.2) is fulfilled for g 1 = O. However, the constants gp, hp are not necessary
for the evaluation of the buckling load and the postbuckling behavior.
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where

(q4Dyy _ 2Aop2,2) (q4Qyy _ p2,2) -4Aoyf32q2/B 2f32y(f34Hxx + 1)q2/B

(q4Qyy _ p2,2) _q4Hyy 2f32y(f34 Hxx + 1)q2/B 0
M pq =

-4YAoq2/B 2yq2(f34Hxx+ 1)/B 8(f32 - 2Ao) -8

2yq2(f34H xx + 1)/B 0 -8 -8Hxxf32

When we substitute (6.1) into (4.9) the perturbation solutions for Woo and W20 are obtained
as

(p = 0,2). (6.9)

Buckling

In order to have nontrivial solutions of the homogeneous equations given by (6.7) for
(p, q) = (1,1) the determinant of Mil must equal zero. This gives an exact characteristic
equation for Ao. Minimization of Ao with respect to ,2 gives

y2f32
,2 = AoHyy+ Qyy + 2B3 (f34 Hxx + 1) {f34Hxx + 1+2Aof3 2Hxx + f32 AoHxAf34Hxx + I)}. (6.10)

In the case of a perfect shell, i.e. y = 0, the bifurcation load is obtained from the
characteristic equation

{HyiDyy-2Ao,2)+(Qyy-,2)2}{1+f34Hxx-2f32AoHxJ = O. (6.11)

If the shell under consideration is without stiffening it is seen that for f3 = 1 and, = 1
then Ao = 1 is a double root. For the case of an outside-stiffened cylinder with sufficient
eccentricity the second factor in (6.11) equated to zero gives the bifurcation load. The
resulting expression is the same as the expression which determines the classical buckling
load.

It can be shown that the bifurcation loads even for stiffened shells can take arbitrarily
small values when the imperfection wavelength and amplitude become large. For example,
if y -+ 00 and f3 -+ 0 so that y2 f32 = C/2 where C is a constant, it is found that

,2 = C+AoHyy+Qyy

and

Ao = {-(C+Qyy)+[(C+QyY+HyyDyy]±}/Hyy.

It is easily seen that if the value of C increases, the values of Ao decrease and the bifurcation
load can take arbitrarily small positive values.

Postbuckling behavior

When the eigenvector (ai' c1 , b l , dd corresponding to a bifurcation load Ao is deter
mined, then (a p , cp ' bp , dp) for p = 0,2 can easily be found from (6.7). Straightforward but
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fairly lengthy calculations show that in terms of (ap , cp , bp , dp ), the postbuckling co
efficient b takes the form

Having calculated the integrall, which can be expressed as

(6.12)

I
(6.13)

the stiffnesses So and S and thereafter the postbuckling parameter a are determined using
(4.15), (4.16) and (4.17).

7. APPROXIMATE SOLUTION FOR k '-" P

By means of the numerical method presented in Section 5 and the exact limiting results
for k = 0 presented in Section 6 it is found, that over essentially the whole region of im
perfection amplitudes and wavelengths studied, the bifurcation loads are bounded by the
bifurcation loads corresponding to k = Pon the one hand and the limiting results for
k = 0 on the other hand. With simple asymptotical results for bifurcation loads and post
buckling behavior for k = 0 it is desirable to have similar simple results for k = p. Such
approximate expressions which are relatively simple will be derived in this section by an
extension of the Galerkin method used by Koiter in [1].

Buckling load

When the normal displacement in the buckling mode is approximated by

then the compatibility equation (4.4b) is fulfilled if

f1(X, y) (b 1cos ~X+b2cos 3~X) cos s;,

(7.1)

(7.2)
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where
b _ 2Qxys2p2+Qyys4-4p2+2ys2P2(P4Hxx+l)jB

t - p4Hxx+2s2P2Hxy+S4Hyy

2ys2p2(P4H xx + 1)
b2 = 4 2 2 4}'B{81P Hxx + 18s P Hxy+s Hyy

If we insert equations (7.1) and (7.2) into equation (4.4a), multiply by cos pxj2 and integrate,
we find that the approximation to the buckling load ..I.e is given by the following characteristic
equation

B(p4 +2S2p2 +s4Dyy-8AeP2)-4ys2p2Ae+bt B(2s2P2Qxy+s4Qyy _4p2)

+ 2ys2P2(P4Hxx + l)(b t +b2) = O. (7.3)

The circumferential wavenumber s is treated as a free parameter and chosen so that the
smallest eigenvalue Ae attains a minimum. The bifurcation buckling stress ..I.e obtained
from (7.3) will always be an upper bound for the exact value.

In the special case where y ~ 00, we can introduce the parameter p = ys2. Then the
characteristic equation takes the form

B2{P4Hxx 8Aep
2Hxx + 16(1- p)} -36pp2AeBHxx+38218p2(P4Hxx+ 1)2 = 0

where
81B(4B+9s2AeHxJ

p = 164(P4 Hxx +W

Postbuckling behavior

Using the approximate bifurcation stress and bifurcation mode we will now determine
approximations to (w2, f2)' Due to the form of the right hand sides of (4.5) we will seek
approximations to (W2' f2) in the form (4.13).

From (2.8) it is found that single valued circumferential displacements are obtained if

H fA" ~ cs
2

2 px (7 4)
xx 2a = w2a+gcos 2' .

Inserting equations (7.1), (7.2) and (7.4) into equation (4.5a) gives

A partial solution to equation (7.5) is

~ S2C{ 2p2Hxx(b l +b2)-1 8p2Hxxb2 }
w2a =16 -1+ B cosPx+16HxxP4_8AeHxxP2+1cos2Px. (7.6)

Approximations to the function (W2b , 12b) will be sought of the form

W2b = CS2{VO+(8S2Y(P4~xx+l)+s4Vl) cospx}
(7.7)

J~b = cs2{gO+gl cos PX+g2 cos 2px}.
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Substituting equation (7.7) into equation (4.5b) gives

Q}"}. s2yf32(p4Hxx + 1)
go = -vo+ VI

Hyy 2Hy}3

8s4y2132(134Hxx + 1)2vo +B(2s2p2QXY+ s4Qn - p2)(B+8s6y(p4Hxx + Ovd
g I = 8s2yB(p4Hxx + 1){p4Hxx +2s2132Hxy +s4Hn }

s2p2y(p4Hxx + 1) { B 4 }
g2 = 4 2 2 4 2 4 +s VI •2B{16p Hxx +8s 13 Hxy+s Hn } 8s y(f3 Hxx + 1)

Substitution into equation (4.5a) and application of the Galerkin method gives the follow
ing expressions for Vo and VI:

r l a22 -r2a12
Vo = and V I = --.:=-..:.-"----"--=-

all a22 -a12a21 all a22 al 2a21
where

_ 4D 4 Q;y f34s4y2(p4Hxx + 1)2
all - S yy+s -+ 2 4 2 2 4

Hyy 2B (13 Hxx +2s 13 Hxy+s Hyy)

al2 = a
21

= p
2
s
2
y(p

4
Hxx + 1) [Qyy + 2QXyS 2p

2+ S4Q}.y - 13
2

] _ 13
2
Aes

2
y

2B Hyy p4Hxx +2S2p2Hxy+S4Hyy B

a22 = s4r(p4+2p2s2+ s4Dy,.)+ ~p2s2QXy:~4Qyy_~2)2 2A
e
p2]

2 L' 13 Hxx +2s 13 Hxy+s Hyy

p2y2S4(f34Hxx+ 1)2{ 132 S4 }
+ 2 -+ 4 2 2 44B Hyy 2(1613 Hxx +8s 13 Hxy+s Hyy)

132 132Ae p2(2s2f32QXY +S4Qyy - 132)
'I = -bl + 134 4 2 2 4 ---8 8( Hxx + 1) 16(13 Hxx +2s 13 Hxy+s Hyy)

_ 132b Ba22 p4y(f34Hxx + 1)
'2 - 2 6 4 +---=-2--"---

4 8s y(p Hxx + 1) 32s BHyy

When the approximations to (w2a , f'2a) and (w2b' f2b) have been obtained, the ap
proximation to the postbuckling coefficient b can be determined from equation (4.14).
Note that all the expressions necessary for evaluation of the postbuckling behavior are
formulated so that, as discussed before, it is possible to introduce the parameter p = ys2
in order to get limiting results for y -+ 00.

8. NUMERICAL RESULTS AND DISCUSSION

Figures 2 and 3 show the bifurcation stress Ae and a measure of the postbuckling
stiffness C( for unstiffened shells. The bifurcation stress Ae and the postbuckling stiffness C(

are shown a~functions of the nondimensional imperfection amplitude ~(l- v2 )(j/t for
various values of the imperfection wavenumber p. Note, that 13 1 corresponds to the
wavelength of the classical buckling mode, and values of 13 less than or greater than one
correspond to longer or shorter wavelengths of the imperfection, respectively. Only
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results corresponding to k = fl and k = 0, i.e. short axial wavelengths and infinitely long
axial wavelengths of the bifurcation mode, are shown. Bifurcation stresses and post
buckling behavior corresponding to k equal to fl/4, fl/2 and 3fl/4 were computed for
certain values of the parameters involved. In all the cases studied it was found that the
bifurcation stresses were essentially bounded by those obtained from k = 0 and k = fl.
However, it should be emphasized, that the results associated with k = 0 have no physical
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FIG. 2. Buckling and postbuckling of unstiffened cylindrical shell.

significance due to the corresponding infinitely long axial wavelength of the bifurcation
mode. The reason for including both the values 0 and fl for the bifurcation mode parameter
k is to indicate the influence of various axial wavelengths of the bifurcation mode on the
bifurcation stress Ac and the post-buckling stiffness parameter rx. The results corresponding
to fl = 1 are the same as the results shown in [3].

It is seen that for a fixed imperfection amplitude a critical wavenumber fl exists, less
than or equal to one, which gives the lowest bifurcation load. Only in the case ofa vanishing
imperfection amplitude is this value of fl equal to one. When the amplitude of the im
perfection is large, the critical value of fl is small, and as shown in Section 6, the bifurcation
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FIG. 3. Buckling and postbuckling of unstiffened cylindrical shell.

loads can take arbitrarily small positive values. For values of the imperfection wave
number f3 greater than one, the bifurcation stresses are relatively high even for large
imperfection amplitudes.

With respect to the initial postbuckling behavior it is seen that the bifurcations are all
unstable for small values of the imperfection amplitude. Except for certain cases cor
responding to k = 0 and wavenumber f3 greater than one (where we have relatively high
bifurcation stresses), it is seen that for increasing values of the imperfection amplitude a
change from unstable to stable bifurcations takes place. In the study by Budiansky and
Hutchinson [3], where the imperfection shape is restricted to the classical axisymmetric
buckling mode (corresponds to f3 = 1 in Fig. 3), the transition from unstable to stable
bifurcation is found to take place at loads about one third of the classical buckling load.
Thus, the results observed in [3] gave an indication of a theoretical significance of buckling
loads about one third of the classical buckling load. However, here we see that for longer
wavelengths of the initial imperfection this transition takes place for much smaller values
of the bifurcation load. For example, for f3 = 0·2 and k = 0 the transition takes place at
bifurcation stresses as low as about one eighth of the classical buckling stress. The cor
responding imperfection amplitude is about twice the shell thickness. Therefore, we must
conclude that the present analysis does not give theoretical significance to buckling loads
for unstiffened shells about one third of the classical buckling load as long as amplitudes
and wavelengths of the initial imperfection are not restricted.



Buckling of unstiffened and ring stiffened cylindrical shells under axial compression 689

Figures 4 and 5 show the results for a lightly ring stiffened circular cylindrical shell
with outside rings. The following typical properties of the rings were chosen:

r:I., = Aldt = 0·5, fl, = EI,IDd = 20·0 and r, = elt = 3·0.

The classical buckling load of this shell is Acl = 1·2247 corresponding to the wave param
eter Pel = 1·107.

By comparison of the bifurcation stresses for the stiffened shell with those for the
unstiffened shell it is found that the range of imperfection wavelengths for which the bi
furcation loads are sensitive to small imperfection amplitudes is more restricted for the
stiffened shell than for the unstiffened shell. Furthermore, if we consider the initial post
buckling behavior, it is seen that the stiffened shell has a much more stable postbuckling
behavior. For example, except for extremely large imperfection amplitudes, the lowest
calculated unstable bifurcation takes place at a load about 35 per cent of the classical
buckling load. If we only consider those values ofk which for fixed imperfection amplitudes
and wavenumbers give the smallest value of the bifurcation stress, then the lowest unstable
bifurcation stress is found to be 46 per cent of the classical buckling stress. This value is
obtained when the wavenumber Pequals 0·6 times the wavenumber of the classical buckling
mode and the imperfection amplitude is given by J(1 - v2 )olt = 1·3.
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FIG. 4. Buckling and postbuckling of stiffened cylindrical shell.
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FIG. 5. Buckling and postbuckling of stiffened cylindrical shell.
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FIG. 6. Postbuckling behavior predicted by the Galerkin method.
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It should be emphasized that in the present study we have only determined the initial
postbuckling behavior. Of course, even if the initial postbuckling behavior indicates an
unstable bifurcation, the possibility exists that the general postbuckling behavior is such
that a higher load than the bifurcation load can be supported before total collapse occurs.
Also, even if the initial postbuckling behavior is stable it is possible that only a slightly
higher load than the bifurcation load can be supported.

The initial postbuckling behavior obtained by the approximate method described in
Section 7 is in Fig. 6 compared with the results obtained by the numerical method described
in Section 5. The bifurcation stresses obtained by the Galerkin method are not shown
since the difference between these results and the bifurcation stresses determined by the
numerical procedure for this example does not exceed 1·8 per cent.
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A6cTpaKT-)l,aeTcli aHaJlH3 HanplilKeHHH ,l(JI1i 6HcPYPKaI..\IUI H Ha'laJlbHOe nOBe~eHHe B nOCJleKpHTH'IeCKOH
06J1aCTH, KaK JI~lI HenO~KpenJleHHblX TaK H IIO~KpenJJeHHblX BHeWHblMH KOJlbI..\aMH, KpyrJlblx I..\HJlHH~PH'I

eCKHX 060JlO'leK, IIO~ BJlHlIHHeM oce60ro ClKaTHli. npe~nOJlaraeTCll, 'ITO 060JlO'lKH HMeIOT ocecHMMeTpH
'1eCKHe, CHHycoH~a~bHbIe HeTO'lHOCTH, C IIPOH3BOJlbHbIMH ~JlHHaMH BOJIH H aMnJlHTy~aMH. Haxo~HTClI,

'ITO HeTO'lHOCTeH 60JlbWOH aMnJJHTY~bI H ~JlHH BOJlHbI, KaK HeIIo~KpenJJeHHbIe TaK H IIO~KpeIIJleHHble

060JlO'lKH HMeIOT '1pe3BH'IaHHO MaJlble Harpy3KH 6HcPYPKaI..\HH. AHaJlH3 B IIOCJleKpHTH'IeCKOH 06J1aCTH
yKa3blBaeT, 'ITO ~JllI MaJlblX aMIIJlHTY~ HeTO'lHOCTeH 6HcPYPKaI..\HH OT ocecHMMeTpH'IeCKorO COCTOllHHlI C
Ha'laJla HeycTOH'lHBbl H pa3pyweHHe HaxO~HTcli BO B3aHMHO 0~H03Ha'lHOM COOTBeTCTBHH C TO'lKaMH
6HcPYPKaI..\HH. TeM He MeHee, 6HcPYPKaI..\HH YCTOH'IHBbI ~JllI 60JlbWHX 3Ha'leHHH aMnJJHTY~ HeTO'lHOCTeH.
)l,JllI HenO~KpenJleHHblX 060JlO'leK, nepeCKOK OT HeYCTOH'IHBbIX K YCTOH'IHBbIM 6HcPypKaI..\HlIM MOlKeT
npOHCXO~HTb ~JllI O'leHb MaJlbIX BeJlH'IHH HarpY3KH. C ~PyroH CTOpOHbl, HaxO~HTCli ~JllI IIO~KpenJleHHbIX

060JlO'leK, 'ITO ~JllI ypOBHlI Harpy3KH MeHbwe '1eM npH6J1H3HTeJlbHO 40 np0I..\eHTOB KJlaCCH'IeCKOH Harpy3KH
Bbmy'lHBaHHlI, 6HcPypKaI..\HH HMeIOT yCToH'IHBoe Ha'laJlbHOe nOBe~eHHe B nOCJleKpHTH'IeCKOH 06J1aCTH.


